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Abstract In this paper, we theoretically and numerically

investigate a new type of analytically solvable laser-driven

systems inspired by electron-injection dynamics in dye-

sensitized solar cells. The simple analytical expressions are

found to be useful for understanding the difference

between dye excitation and direct photo-injection occur-

ring between dye molecule and semiconductor nanoparti-

cles. More importantly, we propose a method for

discriminating experimentally dye excitation and direct

photo-injection using time-dependent fluorescence. We

have found that dye excitation shows no significant quan-

tum beat, whereas the direct photo-injection shows a sig-

nificant quantum beat.

Keywords Laser-driven systems � Direct

photo-injection � Dye-sensitized solar cells

1 Introduction

Physical and chemical phenomena triggered by external

perturbations (e.g., laser pulses, magnetic fields, etc.) have

long attracted much attention, especially since the advent

of lasers [1–4]. In particular, the factors that enable the use

of lasers for many application purposes are their coherence,

high monochromaticity, and ability to reach extremely high

powers. Applications of lasers include laser spectroscopy

[5], interferometry, laser cooling, and control of physical

and chemical reactions [6, 7], to name a few. Given that

such a wide range of applications for lasers have been

discovered so far, one can expect lasers to be of use for

many purposes that have yet to be considered.

Close examination of the quantum systems that are

irradiated by lasers reveals that a variety of patterns have

been studied. First, the two-state model, where one tran-

sition is triggered by the incident oscillatory field, has been

studied extensively [1], and analytical expressions can

easily be derived. The second model studied is the three-

state system [8–11]. In two symmetric cases, the time-

dependent Schrödinger equation including external fields

can analytically be solved and simplified [12]. Less sym-

metric three-level systems have been analytically derived

using of Clausen’s special function [13, 14]. The energy-

level configuration of the so-called K structure has also

been studied extensively [15], and the most general N-level

system has been analyzed [16–23]. In [17], the time-

dependent Schrödinger equation,

i�h
d

dt
CnðtÞ ¼

X

m

WnmCmðtÞ; ð1Þ

where the Hamiltonian W is tridiagonal and stepwise

excitation of nondegenerate levels took place, was treated.

Recently, stimulated Raman adiabatic passage (STIRAP),

which is a method of using partially overlapping pulses

(from pump to Stokes lasers) to produce complete popu-

lation transfer between two quantum states, has received

much attention [24].
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Meanwhile, dye-sensitized solar cells have been exten-

sively developed experimentally in the quest for efficient

conversion of solar energy to electricity [25, 26]. It is

argued that electron injection from dye to semiconductor

takes place via dye excitation or direct photo-injection

(interfacial charge-transfer transition) [27]. In almost all of

the dye molecules, dye excitation from the HOMO to the

LUMO via sunlight and then electron injection from the

LUMO to the semiconductor conduction band is the most

common scenario. However, a direct photo-injection

scheme that does not involve the LUMO of the adsorbate

has been proposed for catechol attached to TiO2 nanopar-

ticles using quantum chemical INDO/S-CI calculations

[28], periodic density functional theory (DFT) [29], and

molecular orbital theory and density functional theory [30],

as well as experimentally [31–34]. In addition, TCNE,

TCNQ, and TCNAQ molecules attached to TiO2 nanopar-

ticles are also predicted to be candidates for direct photo-

injection experimentally [35]. This is because the energy

gap between the HOMO of the molecule and the conduction

band minimum of TiO2, DE, approximately agrees with the

onset energy of the broad-band absorption spectrum. In

contrast, in [36], ab initio DFT molecular dynamics simu-

lations were performed for electron transfer in catechol/

TiO2—anatase nanostructures based on the above common

scenario. This implies that there is no agreement if the

electron injection for the above systems occurs via dye

excitation or a direct photo-injection mechanism. However,

no experimental evidence or theoretical proposal to dis-

criminate dye excitation and direct photo-injection has been

reported so far. Therefore, it is very important to find a

method to discriminate between these two electron-injec-

tion mechanisms. We show below that time-dependent

fluorescence is a versatile tool for this purpose.

The present paper is organized as follows. In Sect. 2, we

model electron-injection dynamics under laser-pulse irra-

diation using a simple model. At the expense of exactness,

we show that the analytical derivation and calculations

based on such analytical expressions are quite useful for

elucidation of the more accurate calculations that follow in

the next section. In addition, we extend the theory proposed

by May et al. [37] to take into account direct photo-

injection. In Sect. 3, we show and discuss numerical results

and clarify the usefulness of laser-pulse irradiation and

time-dependent fluorescence for discrimination between

dye excitation and direct photo-injection. Section 4 is

devoted to concluding remarks.

2 Theory

Figure 1 shows two mechanisms for electron trans-

fer from dye molecule to semiconductor detected

experimentally or predicted theoretically: dye excitation

and direct photo-injection (interfacial charge-transfer

transition). This figure reminds us of the simplified

photo-excitation scheme shown in Fig. 2a. In the figure,

the ground state is photo-excited by laser pulses to the

excited state, which is then coupled to many states

(considered as continuum states) via the coupling con-

stant V. This type of laser-driven system has not yet

been investigated. Moreover, as a first step and a pro-

totype for the purpose of elucidating of the difference

between dye excitation and direct photo-injection, this

model system is worthy of detailed study, as shown

below.
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Fig. 1 Comparison between dye excitation (a) and direct photo-

injection (interfacial charge-transfer transition) (b). CB and VB stand

for conduction band and valence band of the TiO2 nanoparticles,

respectively. The quantities, Ec and Ev, are the energies of the

conduction band minimum and valence band maximum, respectively

(a)

(b)

Fig. 2 a Energy-level diagram that mimics electron injection from

the HOMO (direct photo-injection or interfacial charge-transfer

transition) or LUMO (dye excitation) of the attached dye molecule

to the interior of the TiO2 nanoparticle. b Energy-level diagram for

exact numerical calculations using the Schrödinger equation (2).

The energy gap between the adjacent continuum states is denoted by

Eint
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The Schrödinger equation for this system is given by

where d~ge and d~eg are the transition dipole moments

between the ground state g and excited state e, and d~gij and

d~ijg are those between state g and the continuum state ij.

The parameter N represents the number of ionized (con-

tinuum) states of the conduction band of the semiconductor

taken into account in the calculations. The symbols Em and

cm(t) are the eigenenergy and coefficient of the wave

function of state m, respectively. For simplicity, we assume

that the incident laser field is a square laser pulse so that

E~ðtÞ is written as

E~ðtÞ ¼ E~0 cosðxtÞ ð3Þ

Note that the off-diagonal terms �E~ðtÞ � d~gi1 , �E~ðtÞ�
d~gi2 ; . . .;�E~ðtÞ � d~giN

, �E~ðtÞ � d~i1g, �E~ðtÞ � d~i2g; . . .; and

�E~ðtÞ � d~iN g, which represent the direct photo-injection to

the continuum from the ground state g, have been ignored

so far.

When d~ge ¼ d~eg, d~gi1 ¼ d~gi2 ¼ � � � ¼ d~giN
¼ d~i1g ¼

d~i2g ¼ � � � ¼ d~iN g ¼ d~gi , and Ee � Eg ¼ Ei1 � Eg ¼ Ei2 �
Eg ¼ � � � ¼ EiN � Eg ¼ �hx (the laser pulse is resonant with

all the states, e and i), Eq. 2 can be solved analytically by

invoking the rotating-wave approximation. This assump-

tion might be very crude, but from the uncertainty principle

DE � Dt� �h=2 and the shortness of the laser pulse used in

the calculations in the next section (100 fs), the assumption

is almost valid because numerous states can be simulta-

neously coherently pumped under such a condition. Then,

the solutions are given by

cnðtÞ ¼ dnðtÞ exp �iEnt=�hð Þ n ¼ g; e; i1; i2; . . .; iNð Þ; ð4Þ

where

dgðtÞ ¼ dð1Þg exp s1tð Þ þ dð2Þg exp s2tð Þ þ dð3Þg exp s3tð Þ; ð5Þ

deðtÞ ¼ dð1Þe exp s1tð Þ þ dð2Þe exp s2tð Þ þ dð3Þe exp s3tð Þ; ð6Þ

diðtÞ ¼ d
ð1Þ
i exp s1tð Þ þ d

ð2Þ
i exp s2tð Þ þ d

ð3Þ
i exp s3tð Þ; ð7Þ

s3 þ
E~0 � d~ge

� �2

4�h2
þ N

E~0 � d~gi

� �2

4�h2
þ V2

�h2

0
B@

1
CA

8
><

>:

9
>=

>;
s

� iNV

2�h3
E~0 � d~ge

� �
E~0 � d~gi

� �

¼ s� s1ð Þ s� s2ð Þ s� s3ð Þ ¼ 0 ð8Þ

dð1Þg ¼
s2

1 þ NV2=�h2

s1 � s2ð Þ s1 � s3ð Þ ; dð2Þg ¼
s2

2 þ NV2=�h2

s2 � s1ð Þ s2 � s3ð Þ ;

dð3Þg ¼
s2

3 þ NV2=�h2

s3 � s1ð Þ s3 � s2ð Þ ;

dð1Þe ¼
NVE~0 � d~gi=2�h2 þ is1E~0 � d~ge=2�h

s1 � s2ð Þ s1 � s3ð Þ ;

dð2Þe ¼
NVE~0 � d~gi=2�h2 þ is2E~0 � d~ge=2�h

s2 � s1ð Þ s2 � s3ð Þ ;

dð3Þe ¼
NVE~0 � d~gi=2�h2 þ is3E~0 � d~ge=2�h

s3 � s1ð Þ s3 � s2ð Þ ;

d
ð1Þ
i ¼

VE~0 � d~ge=2�h2 þ is1E~0 � d~gi=2�h

s1 � s2ð Þ s1 � s3ð Þ ;

d
ð2Þ
i ¼

VE~0 � d~ge=2�h2 þ is2E~0 � d~gi=2�h

s2 � s1ð Þ s2 � s3ð Þ ;

d
ð3Þ
i ¼

VE~0 � d~ge=2�h2 þ is3E~0 � d~gi=2�h

s3 � s1ð Þ s3 � s2ð Þ ; ð9Þ

for 0� t� toff .

On the other hand,

dgðtÞ ¼ dgðtoffÞ; ð10Þ

deðtÞ ¼ d4 exp i
ffiffiffiffi
N
p

V t � toffð Þ=�h
n o

þ d5 exp �i
ffiffiffiffi
N
p

V t � toffð Þ=�h
n o

; ð11Þ

i�h
d

dt

cgðtÞ
ceðtÞ
ci1ðtÞ
ci2ðtÞ

..

.

ciN ðtÞ

2

6666666664

3

7777777775

¼

Eg �E~ðtÞ � d~ge �E~ðtÞ � d~gi1 �E~ðtÞ � d~gi2
� � � �E~ðtÞ � d~giN

�E~ðtÞ � d~eg Ee V V � � � V

�E~ðtÞ � d~i1g V Ei1 0 � � � 0

�E~ðtÞ � d~i2g V 0 Ei2 0 ..
.

..

. ..
. ..

.
0 ..

.
0

�E~ðtÞ � d~iN g V 0 � � � 0 EiN

2
666666666664

3
777777777775

cgðtÞ
ceðtÞ
ci1ðtÞ
ci2ðtÞ

..

.

ciN ðtÞ

2

6666666664

3

7777777775

; ð2Þ
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diðtÞ ¼ �
d4ffiffiffiffi

N
p exp i

ffiffiffiffi
N
p

V t � toffð Þ=�h
n o

þ d5ffiffiffiffi
N
p exp �i

ffiffiffiffi
N
p

V t � toffð Þ=�h
n o

; ð12Þ

d4 ¼
deðtoffÞ �

ffiffiffiffi
N
p

diðtoffÞ
2

; d5 ¼
deðtoffÞ þ

ffiffiffiffi
N
p

diðtoffÞ
2

;

ð13Þ

for toff � t� tfinal.

Here, toff is the time when the incident laser pulse is

switched off, and tfinal is the final time of the time evolu-

tion. Even without any calculations, some conclusions can

be drawn from the above analytical expressions. First, from

Eqs. 4–7, it can be concluded that when the laser pulse is

on, the populations of each state show both oscillatory and

decaying behaviors depending on the roots of Eq. 8, which

are usually complex. Second, from Eqs. 10–13, it can also

be concluded that when the laser pulse is off, the popula-

tion of state g does not change with time and that the pure

oscillatory population time evolutions of the states e and

i become more frequent with increasing N.

The relaxation of the injected electron to the conduction

band minimum owing to coupling to vibrations was suc-

cessfully taken into account by May et al. [37]. Extending

their theory to take into account the direct photo-injection,

the Hamiltonian of the system is expressed as

HðtÞ ¼ Hmol�sem þ HfieldðtÞ; ð14Þ

where

Hmol�sem ¼
X

a¼g;e;k~

Ea þ HaðqÞf g uaj i uah j

þ
X

k~

Vk~e uk~

�� �
ueh j þ h:c:

� �
; ð15Þ

HfieldðtÞ ¼ �E~ðtÞ � l̂~; ð16Þ

l̂~¼ d~eg uej i ug

	 ��þ
X

k~

d~k~g uk~

�� �
ug

	 ��þ h:c: ð17Þ

Here, ug

�� �
, uej i, and uk~

�� �
represent the electronic wave

functions for HOMO, LUMO, and ionized state with the

wave vector k~. Eg, Ee, and Ek~ are the energy minima, and

HgðqÞ, HeðqÞ, and Hk~ðqÞ represent the vibrational

Hamiltonians of the electronic states. HOMO, LUMO,

and ionized state with the wave vector k~, respectively. Vk~e

is the coupling of the band states to LUMO. The

abbreviation, h. c., denotes the Hermitian conjugate.

From the above definitions, it turns out that the

Schrödinger equation to be solved is given by

dcgLðtÞ
dt
¼�i Eg=�hþxL

� �
cgLðtÞþ

i

�h
E~ðtÞ

�d~ge

X

M

vgL

��veM

	 �
ceMðtÞ

þ i

�h
E~ðtÞ�d~gi

X

p

X

M

vgL

��vionM

	 �
Nup

	 �
c
ðpÞ
M ðtÞ ð18Þ

dceLðtÞ
dt

¼� i Ee=�hþ xLð ÞceLðtÞ þ
i

�h
E~ðtÞ

� d~eg

X

M

veL

�� vgM

	 �
cgMðtÞ

� i

�h

X

p

X

M

veL j vionMh i NVup

	 �
c
ðpÞ
M ðtÞ

ð19Þ

dc
ðrÞ
L ðtÞ
dt

¼� i Ec=�hþ xLð ÞcðrÞL ðtÞ þ
i

�h
E~ðtÞ

� d~ig

X

M

vionL

�� vgM

	 �
Nurh icgMðtÞ

� i
X

p

xurup

	 �
c
ðpÞ
L ðtÞ �

i

�h

X

M

urVh i

� vionL j veMh iceMðtÞ ð20Þ

In these equations, we have taken the direct photo-injection

by incident light into consideration by including the terms

E~ðtÞ � d~gi and E~ðtÞ � d~ig. Here, Ec is the lowest energy of the

ionized states. The integers L and M count the vibrational

quantum numbers. The wave functions vgM

�� �
, veMj i, and

vionMj i denote the vibrational eigenfunctions of the

HOMO, LUMO, and ionized states of the adsorbed

molecule having the vibrational quantum number M,

respectively. The operator, @, is the density of states of

the conduction band of the semiconductor: @ðxÞ ¼P
k dðx� xkÞ [37]. The coefficients, cgM(t), ceM(t), and

c
ðrÞ
M ðtÞ, represent wave function coefficients for the HOMO

and LUMO having the vibrational quantum number M, and

the ionized state having both the vibrational quantum

number M and the integer r that appears in the function

urðxÞ, which is expressed by Legendre polynomials,

respectively. The function urðxÞ concretely reads

urðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2r þ 1

xmax

r
Pr xðxÞ½ �; ð21Þ

where

xðxÞ ¼ 2x
xmax

� 1; ð22Þ

and Pr(x) is the Legendre polynomial,

PrðxÞ ¼
1

2rr!

d

dx


 �r

x2 � 1
� �r

: ð23Þ
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Here, xmax characterizes the frequency interval from the

lower to the upper conduction band edge. The vibrational

eigenenergy, �hxM , is given by

�hxM ¼ �hðM þ 1=2Þxvib; ð24Þ

because we assume harmonic potentials for the HOMO,

LUMO, and ionized states. In all the calculations shown in

the next section, we assume �hxvib ¼ 0.1 eV.

In the approximation of a uniform density of states �N

and a frequency-independent transfer coupling �V (wide-

band approximation), we have

urVh i ¼ dr;0
�V
ffiffiffiffiffiffiffiffiffiffi
xmax

p
; ð25Þ

xurup

	 �

¼ xmax

2
dr;pþ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1ð Þ2

4 pþ 1ð Þ2�1

s

þ dr;p þ dr;p�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2

4p2 � 1

s !
;

ð26Þ

NVup

	 �
¼ dp;0

�N �V
ffiffiffiffiffiffiffiffiffiffi
xmax

p
; ð27Þ

Nup

	 �
¼ dp;0

�N
ffiffiffiffiffiffiffiffiffiffi
xmax

p
: ð28Þ

Here, the bracket � � �h i denotes frequency integration

according to the following relationship,

Fh i �
Zxmax

0

dxFðxÞ: ð29Þ

The time-dependent fluorescence, I(t), is expressed as in

[38]:

IðtÞ ¼ K
X

f ;n

d~nf

���
���
2

qnn þ K
X

f ;n 6¼n0

d~n0f � d~fnqnn0 ; ð30Þ

where K is a constant, f is the HOMO because the final

state f is HOMO in the fluorescence process, and

qnn0 ðtÞ ¼ cnðtÞc	n0 ðtÞ; ð31Þ

which is the density matrix. In the harmonic-potential

approximation, the Franck–Condon factor for the displaced

harmonic potentials is given by

vaL j vbMh i ¼ expð�S=2Þ
XM

j¼0

XL

k¼0

dL�k;M�jS
ðjþkÞ=2

� M!ð�1Þk

j!ðM � jÞ!k!

ffiffiffiffiffiffi
L!

M!

r
: ð32Þ

In this equation, S is the so-called Huang-Rhys factor and is

defined by

S ¼ xvib=2�hðDQÞ2; ð33Þ

where DQ is the displacement in the normal mode coor-

dinate of the potential energy surfaces.

3 Numerical results and discussion

In this section, we show the numerical results using the

analytical expressions and more exact differential equa-

tions derived in the previous section and also propose a

method of discriminating direct photo-injection and dye

excitation in dye-sensitized solar cells. In all of the cal-

culations presented below, toff was set to be 100 fs. In

addition, the wavelength of the incident laser pulse was

420 nm (�hx ¼ 2:952 eV), assuming that the dye molecule

is catechol and V was set to be 1.045 9 10-3 a. u.

(=0.02843 eV) in all of the calculations. The solutions of

Eqs. 8 and 9 for the cases of N = 1 and N = 3 are shown

in Tables 1, 2, and 3. In the exact numerical calculations

performed using the Schrödinger equation (2) mentioned

below, the adjacent energy levels are separated by equal

intervals, Eint, as shown in Fig. 2b. Detailed investigation

of the solutions of Eqs. 4–13 as a function of N is very

important because it will turn out that the numerical results

of the analytical expressions show the similar tendency as

the more exact solutions of the Schrödinger equations

(18–20), and it gives an insightful clue to the elucidation of

those more exact solutions, as shown below. In addition,

the analytical solutions of Eqs. 4–13 can be divided into

several exponential factors that cannot be understood just

by solving Eq. 2 numerically, which implies that we may

obtain an oscillatory time dependence of physical quanti-

ties of interest. Furthermore, detailed examination of the

behavior of the former solutions may give an important

hint of how to maximize the difference between direct

photo-injection and dye excitation in real dye-sensitized

solar cells.

First, we concentrate on Fig. 3, where N was set to

unity. For the following discussion, refer to the values

shown in Table 1. The quantities d
ð1Þ
g exp s1tð Þ

���
���
2

,

d
ð2Þ
g exp s2tð Þ

���
���
2

, and d
ð3Þ
g exp s3tð Þ

���
���
2

are independent of time

during the time interval 0� t� toff because s1, s2, and s3

are so small that s1t, s2t, and s3t are also very small. Among

these, the principal contribution to dgðtÞ
�� ��2 stems from

d
ð1Þ
g exp s1tð Þ

���
���
2

because d
ð1Þ
g

���
��� is the largest. The main

contribution to the time variation of dgðtÞ
�� ��2 comes from

2Re d
ð1Þ
g exp s1tð Þdð2Þ	g exp

n
�s2tð Þg ¼ 2Re d

ð1Þ
g exp s1tð Þ

n

d
ð3Þ	
g exp �s3tð Þg; which have a fairly large time-dependent

factor because they are not squared. In fact, the black

line in Fig. 3a follows the time evolution of

2Re d
ð1Þ
g exp s1tð Þdð2Þ	g exp �s2tð Þ

n o
, which becomes

negative. The populations d
ð1Þ
e exp s1tð Þ

���
���
2

, d
ð2Þ
e exp s2tð Þ

���
���
2

,
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d
ð3Þ
e exp s3tð Þ

���
���
2

, d
ð1Þ
i exp s1tð Þ

���
���
2

, d
ð2Þ
i exp s2tð Þ

���
���
2

, and d
ð3Þ
i

���

exp s3tð Þj2 are also independent of time during the time

interval 0� t� toff because s1, s2, and s3 are quite small.

The constant contributions to deðtÞj j2 and diðtÞj j2 stem from

d
ð1Þ
e exp s1tð Þ

���
���
2

, and d
ð2Þ
i exp s2tð Þ

���
���
2

and d
ð3Þ
i exp s3tð Þ

���
���
2

,

respectively, as can easily be understood from Table 1.

Table 1 Solutions of Eqs. 8 and 9 for the cases of N = 1, E~0 � d~ge ¼ 1:0� 10�10 a. u., E~0 � d~gi ¼ 1:0� 10�3 a. u., and N = 1, E~0 � d~ge ¼
1:0� 10�3 a. u., E~0 � d~gi ¼ 1:0� 10�10 a. u

s1/fs-1 s2/fs-1 s3/fs-1

dð1Þg

���
��� dð2Þg

���
��� dð3Þg

���
��� dð1Þe

�� �� dð2Þe

�� �� dð3Þe

�� ��
d
ð1Þ
i

���
��� d

ð2Þ
i

���
��� d

ð3Þ
i

���
���

1.793 9 10-17 -

1.121 9 10-17
–6.723 9 10-18 0.8137 0.09315 0.09315 0.3894 0.1947 0.1947 2.443 9 10-8 0.2158 0.2158

?1.610 9 10-9i ?4.789 9 10-2i -4.789 9 10-2i

Table 2 Solutions of Eqs. 8 and 9 for the case of N = 3, E~0 � d~ge ¼ 1:0� 10�10 a. u., E~0 � d~gi ¼ 1:0� 10�3 a. u.

s1/fs-1 s2/fs-1 s3/fs-1

dð1Þg

���
��� dð2Þg

���
��� dð3Þg

���
��� dð1Þe

�� �� dð2Þe

�� �� dð3Þe

�� ��
d
ð1Þ
i

���
��� d

ð2Þ
i

���
��� d

ð3Þ
i

���
���

7.172 9 10-17 -4.034 9 10-17 -3.138 9 10-17 0.8137 0.09315 0.09315 0.3894 0.1947 0.1947 8.143 9 10-9 0.1246 0.1246

?1.610 9 10-9i ?8.295 9 10-2i -8.295 9 10-2i

Table 3 Solutions of Eqs. 8 and 9 for the case of N = 3, E~0 � d~ge ¼ 1:0� 10�3 a. u., E~0 � d~gi ¼ 1:0� 10�10 a. u.

s1/fs-1 s2/fs-1 s3/fs-1

dð1Þg

���
��� dð2Þg

���
��� dð3Þg

���
��� dð1Þe

�� �� dð2Þe

�� �� dð3Þe

�� ��
d
ð1Þ
i

���
��� d

ð2Þ
i

���
��� d

ð3Þ
i

���
���

8.068 9 10-17 -4.482 9 10-17 -3.586 9 10-17 0.9291 0.03545 0.03545 3.815 9 10-8 0.1331 0.1331 0.1482 7.410 9 10-2 7.410 9 10-2

?1.838 9 10-9i ?7.762 9 10-2i -7.762 9 10-2i
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Fig. 3 Time evolution of

populations and time-dependent

fluorescence, I(t), for the case of

N = 1. a Populations for the

case of E~0 � d~ge ¼ 1:0� 10�10

a. u. and E~0 � d~gi ¼ 1:0� 10�3

a. u. (direct photo-injection).

b Populations for the case of

E~0 � d~ge ¼ 1:0� 10�3 a. u. and

E~0 � d~gi ¼ 1:0� 10�10 a. u. (dye

excitation). c Time-dependent

fluorescence, I(t), for the cases

of both (a) and (b). In a and b,

the black line represents state g,

the red line state e, and the blue
line state i
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The time-dependent contribution to deðtÞj j2 is comparable

in magnitude to 2Re d
ð2Þ
e exp s2tð Þdð3Þ	e exp �s3tð Þ

n o
and

2Re d
ð1Þ
e exp s1tð Þdð2Þ	e exp �s2tð Þ

n o
¼ 2Re d

ð1Þ
e exp s1tð Þ

n

d
ð3Þ	
e exp �s3tð Þg. The time-dependent contribution to

diðtÞj j2 is more dominant from 2Re d
ð2Þ
i exp s2tð Þdð3Þ	i

n

exp �s3tð Þg than from 2Re d
ð1Þ
i exp s1tð Þdð2Þ	i

n
exp �s2tð Þg

and 2Re d
ð1Þ
i exp s1tð Þdð3Þ	i exp �s3tð Þ

n o
because d

ð1Þ
i

���
��� is

very small as can be seen from Table 1. The time depen-

dence of the black line in Fig. 3a is very similar to that of

2Re d
ð2Þ
i exp s2tð Þdð3Þ	i exp �s3tð Þ

n o
.

Next, we consider the time interval toff � t� tfinal. The

population of state g, dgðtÞ
�� ��2, is constant as can be

understood from Eq. 10. This is clearly seen by the black

line in Fig. 3a. This is simply because state g is discon-

nected from the other states if the laser pulse is off, as can

be seen from the Schrödinger equation (2). The quanti-

ties d4 exp i
ffiffiffiffi
N
p

V t � toffð Þ=�h
� 
�� ��2 and d5 exp �i

ffiffiffiffi
N
p

V
���

t � toffð Þ=�hgj2 are independent of time during the time

interval because d4 and d5 are constants and the exponen-

tial terms have no influence on the time dependence.

Therefore, the time dependence of deðtÞj j2 and diðtÞj j2

originates only from the terms 2Re d4d	5 exp 2i
ffiffiffiffi
N
p

V
��

t � toffð Þ=�hg� and �2Re
d4d	

5ffiffiffi
N
p exp 2i

ffiffiffiffi
N
p

V t � toffð Þ=�h
� 
h i

,

respectively. Because these two terms have opposite sign,

deðtÞj j2 increases when diðtÞj j2 decreases and vice versa, as

can be seen by red and blue lines in Fig. 3a.

In the special case of Fig. 3, we notice that the time

evolutions of the cases (a) and (b) are reversed. This is

reasonable because states e and i are on the same footing

using any given parameters. Although the total time-

dependent fluorescence, I(t), is the same for both direct

photo-injection and dye excitation, as shown in Fig. 3c, the

contribution to it stems from different sources. The popu-

lation of state i dominates I(t) in the case of direct photo-

injection, whereas the population of state e dominates

I(t) in the case of dye excitation because of the much larger

transition dipole moments in either case. However, unfor-

tunately, we cannot judge whether direct photo-injection or

dye excitation takes place by investigating the time-

dependent fluorescence in this case.

Next, we concentrate on Fig. 4 where N was set to be 3.

In this case, Eint was set to be 2.9 9 10-4 eV. For the

following discussion, refer to the values shown in Tables 2

and 3. As in Fig. 3, the quantities d
ð1Þ
g exp s1tð Þ

���
���
2

,

d
ð2Þ
g exp s2tð Þ

���
���
2

, and d
ð3Þ
g exp s3tð Þ

���
���
2

are independent of time

during the time interval 0� t� toff because s1, s2, and s3

are again so small that s1t, s2t, and s3t are also very small.

Among these quantities, the main contribution to dgðtÞ
�� ��2

stems from d
ð1Þ
g exp s1tð Þ

���
���
2

because d
ð1Þ
g

���
��� is the largest

term, as in Fig. 3. The principal contribution to time var-

iation of dgðtÞ
�� ��2 comes from 2Re d

ð1Þ
g exp s1tð Þdð2Þ	g

n

exp �s2tð Þg ¼ 2Re d
ð1Þ
g exp s1tð Þdð3Þ	g exp �s3tð Þ

n o
, which

have a fairly large time-dependent factor because they also

are not squared. Actually, the black lines in panels

(a) and (b) almost follow the time evolution of

2Re d
ð1Þ
g exp s1tð Þdð2Þ	g exp �s2tð Þ

n o
, which sometimes

becomes negative. Unlike Fig. 3, it is important to note that

because d
ð1Þ
g d

ð2Þ	
g

���
��� is smaller for Fig. 4b than for Fig. 4a,

the population decrease of state g is less significant for

Fig. 4b than for Fig. 4a. The populations d
ð1Þ
e exp s1tð Þ

���
���
2

,

d
ð2Þ
e exp s2tð Þ

���
���
2

, d
ð3Þ
e exp s3tð Þ

���
���
2

, d
ð1Þ
i exp s1tð Þ

���
���
2

, d
ð2Þ
i exp

���

s2tð Þj2, and d
ð3Þ
i exp s3tð Þ

���
���
2

are also independent of time

during the time interval 0� t� toff because s1, s2, and s3

are quite small also. The constant contributions to deðtÞj j2

and diðtÞj j2 stem from d
ð1Þ
e exp s1tð Þ

���
���
2

, and d
ð2Þ
i exp s2tð Þ

���
���
2

and d
ð3Þ
i exp s3tð Þ

���
���
2

, respectively, as can easily be under-

stood from Tables 2 and 3. Because the quantities d
ð1Þ
e

���
���,

d
ð2Þ
e

���
���, and d

ð3Þ
e

���
��� are larger than the quantities d

ð1Þ
i

���
���, d

ð2Þ
i

���
���,

and d
ð3Þ
i

���
��� in Fig. 4a, the population of state e can become

larger than that of state i. On the other hand, because the

quantities d
ð1Þ
e

���
���, d

ð2Þ
e

���
���, and d

ð3Þ
e

���
��� are not necessarily larger

than the quantities d
ð1Þ
i

���
���, d

ð2Þ
i

���
���, and d

ð3Þ
i

���
��� in Fig. 4b, the

population of state e can become comparable to that of the

state i. In the time-dependent contribution to deðtÞj j2,

2Re d
ð1Þ
e exp s1tð Þdð2Þ	e exp

n
�s2tð Þg¼ 2Re d

ð1Þ
e exp s1tð Þ

n

d
ð3Þ	
e exp �s3tð Þg and 2Re d

ð2Þ
e exp s2tð Þdð3Þ	e exp �s3tð Þ

n o
,

because the former can become a little bit larger than the

latter in Fig. 4a, the total population deðtÞj j2 reflects the

behavior of 2Re d
ð1Þ
e exp s1tð Þdð2Þ	e exp �s2tð Þ

n o
. In particu-

lar, because both 2Re d
ð1Þ
e exp s1tð Þdð2Þ	e exp �s2tð Þ

n o
and

2Re d
ð2Þ
e exp s2tð Þdð3Þ	e exp �s3tð Þ

n o
become largest at

around 40 fs, we can see a large peak for the red line at this

time in Fig. 4a. However, in Fig. 4b, because
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2Re d
ð2Þ
e exp s2tð Þdð3Þ	e exp �s3tð Þ

n o
can become much

larger than 2Re d
ð1Þ
e exp s1tð Þdð2Þ	e exp �s2tð Þ

n o
¼ 2Re

d
ð1Þ
e exp

n
s1tð Þdð3Þ	e exp �s3tð Þg, the total population deðtÞj j2

reflects the behavior of 2Re d
ð2Þ
e

n
exp s2tð Þdð3Þ	e exp �s3tð Þg,

which frequently oscillates. On the other hand, in the time-

dependent contribution to diðtÞj j2, 2Re d
ð1Þ
e exp s1tð Þ

n

d
ð2Þ	
e exp �s2tð Þg ¼ 2Re d

ð1Þ
e

n
exp s1tð Þdð3Þ	e exp �s3tð Þg and

2Re d
ð2Þ
e exp s2tð Þ

n
d
ð3Þ	
e exp �s3tð Þg, because the former can

become much smaller than the latter in Fig. 4a, the

total population diðtÞj j2 reflects the behavior of

2Re d
ð2Þ
i exp s2tð Þdð3Þ	i exp �s3tð Þ

n o
. However, in Fig. 4b,

because 2Re d
ð1Þ
i exp s1tð Þdð2Þ	i exp �s2tð Þ

n o
¼ 2Re d

ð1Þ
i

n

exp s1tð Þdð3Þ	i exp �s3tð Þg can become a little bit larger than

2Re d
ð2Þ
i exp s2tð Þdð3Þ	i exp �s3tð Þ

n o
, the total population

diðtÞj j2 reflects the behavior of 2Re d
ð1Þ
i exp s1tð Þdð2Þ	i

n

exp �s2tð Þg, which oscillates about once. In particular,

because both 2Re d
ð2Þ
i exp s2tð Þdð3Þ	i exp �s3tð Þ

n o
and

2Re d
ð1Þ
i exp s1tð Þdð2Þ	i exp �s2tð Þ

n o
become largest at

around 40 fs, we can see a large peak of the blue line at this

time in Fig. 4b.

As can easily be understood from Eqs. 10–13, when

N becomes larger, the oscillations of populations and time-

dependent fluorescence become more frequent for the time

interval toff � t� tfinal. This can be concretely confirmed by

comparing Figs. 4 with 3. It should also be noted that the

symmetry between dye excitation and direct photo-injec-

tion observed in Fig. 3 is now broken. Because of the

presence of more states involved in excitation in direct

photo-injection, there remain higher populations in states

e and i for direct photo-injection (Fig. 4a) than for dye

excitation (Fig. 4b) after irradiation by the laser pulse.

Unlike the total time-dependent fluorescence, I(t),

shown in Fig. 3c, it is fairly different for direct photo-

injection and dye excitation, as shown in panels (c) and (d),

respectively. The population of state i and the coherence

dominate I(t) in the case of direct photo-injection, whereas

the population of state e dominates I(t) in the case of dye

excitation because of the much larger transition dipole

moments in either case. Also note that the magnitude of

I(t) is different for the two cases. Therefore, one may

expect to be able to expect to judge whether direct photo-
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Fig. 4 Time evolution of populations and time-dependent fluores-

cence, I(t), for the case of N = 3. a Populations for the case of E~0 �
d~ge ¼ 1:0� 10�10 a. u. and E~0 � d~gi ¼ 1:0� 10�3 a. u. (direct photo-

injection). b Populations for the case of E~0 � d~ge ¼ 1:0� 10�3 a. u.

and E~0 � d~gi ¼ 1:0� 10�10 a. u. (dye excitation). c Time-dependent

fluorescence, I(t), for the case of a. d Time-dependent fluorescence,

I(t), for the case of (b). In a and b, the black line represents state g, the

red line state e, and the blue line state i. In c and d, the contribution

from the population of state e is shown by the black line, that from the

population of state i is shown by the red line, that from the coherence

terms is shown by the blue line, and the total time-dependent

fluorescence, I(t), is shown by the green line. Note that in d, the black
line is superimposed by the green line
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injection or dye excitation takes place by inspecting the

time-dependent fluorescence if N becomes larger (i.e., the

continuum of the conduction band of the semiconductor is

taken into account).

The agreement with exact calculations is excellent in all

of the analytical calculation results shown above. This

implies that the analytical expressions derived above, only

assuming the rotating-wave approximation, provide useful

insight into the elucidation of the difference between direct

photo-injection and dye excitation. Therefore, in our

opinion, the simple laser-driven system that mimics elec-

tron-injection dynamics in dye-sensitized solar cells is

worthy of detailed study.

From the calculation results where N is more than 500

and Eint was set to be 2.9 9 10-4 eV, it was found that the

exact numerical results and the analytical results agree very

well for dye excitation, but they do not agree for direct

photo-injection at all. This may be because when

N becomes larger, the laser couplings between state g and

states ij become quite different from those in the case of the

analytical expressions, where it is assumed that

Ee � Eg ¼ Ei1 � Eg ¼ Ei2 � Eg ¼ � � � ¼ EiN � Eg ¼ �hx.

However, in the former case, because there is only one

laser coupling between state g and state e, the discrepancy

was negligibly small. Therefore, because there is no

meaning in comparing the case of direct photo-injection

and that of dye excitation, we do not show these results in

the present paper.

The more realistic situation that was estimated by

solving Eqs. 18–20 is shown in Fig. 5. In this case, the

incident laser pulse is assumed to have the form

E~ðtÞ ¼ E~0 sin2ðpt=toffÞ cosðxtÞ for 0� t� toff ; ð34Þ

E~ðtÞ ¼ 0 for toff � t� tfinal: ð35Þ

This type of laser pulse has slow turn-on and turn-off so that it

mimics experimentally realizable laser-pulse shape very

well. In addition, this model takes into account the vibra-

tional degrees of freedom of the attached molecule and

relaxation of the injected electron in the conduction band of

the semiconductor. In fact, the parameters in the Schrödinger

equation (18–20), Eg, Ee, Ec, �hxvib, �V , �N, �hxmax were set to

be 0.0, 2.952, 1.0, 0.1, 0.1, 1, 2.2 eV, respectively. Because

these values correspond to the typical values to the TiO2-

cathecol system, the calculation results shown below are the

more realistic descriptions of dye-sensitized solar cells.

From Fig. 5, we can see that the dye excitation shows

no significant quantum beat (Fig. 5b), while the direct

photo-injection shows a significant quantum beat

(Fig. 5a). Note also that the intensity of the time-depen-

dent fluorescence differs between direct photo-injection

and dye excitation by several orders of magnitude. This

difference has already been seen in Fig. 4, where only

three continuum states were considered (compare panels

(c) and (d) in Fig. 4). This is because infinitely many

continuum states are excited via direct photo-injection by

lasers. Further, we notice that the time-dependent fluo-

rescence decays with time, which agrees with the reported

experimental and theoretical results [37, 39–41]. More

importantly, as in Fig. 4, the population of state i and the

coherence dominate I(t) in the case of direct photo-

injection (Fig. 5a), whereas the population of state

e dominates I(t) in the case of dye excitation (Fig. 5b)

because of the much larger transition dipole moments in

either case. Note that in Fig. 5b, the black line and the

green line are superimposed. This has already been

pointed out in the explanation of Fig. 4 above. Therefore,

again, the simple analytical expressions derived in Sect. 2

have been very illuminating for clarifying the difference
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Fig. 5 Time-dependent fluorescence, I(t), calculated by solving

Eqs. 18–20 and Eq. 30. Panel a is for the case of E~0 � d~ge ¼ 1:0�
10�10 a. u. and E~0 � d~gi ¼ 1:0� 10�3 a. u. (direct photo-injection),

and panel b is for the case of E~0 � d~ge ¼ 1:0� 10�3 a. u. and E~0 �
d~gi ¼ 1:0� 10�10 a. u. (dye excitation). In a and b, the contribution

from the population of state e is shown by the black line, that from the

population of state i is shown by the red line, that from the coherence

terms is shown by the blue line, and the total time-dependent

fluorescence, I(t), is shown by the green line. Because the intensity of

the time-dependent fluorescence between t = 0 and t = 500 fs is too

strong to explore the quantum beat, the intensity during this period is

not shown in the figure
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between direct photo-injection and dye excitation in the

present more realistic calculations.

The last example of Fig. 5 clearly indicates that one can

discriminate dye excitation and direct photo-injection using

the laser pulse and measurement of the time-dependent

fluorescence: the fingerprint, quantum beat, is left on the

time-dependent fluorescence in the case of direct photo-

injection.

4 Conclusion

In this paper, we have theoretically and numerically inves-

tigated a new type of analytically solvable laser-driven

system inspired by electron-injection dynamics in dye-sen-

sitized solar cells. The simple analytical expressions were

found to be quite illuminating for clarifying the difference

between dye excitation and direct photo-injection occurring

between dye molecules and semiconductor nanoparticles.

More importantly, we have proposed a method for experi-

mentally discriminating dye excitation and direct photo-

injection using time-dependent fluorescence. We have found

that dye excitation shows no significant quantum beat,

whereas direct photo-injection shows a significant quantum

beat by utilizing both the simple analytical expressions and

more realistic models. The physical background for this

difference was consistently explained using the simple

analytical expressions. In fact, this implies that the calcula-

tions of Figs. 3 and 4 were worthy of detailed discussion.

It should also be noted that dye excitation and direct

photo-injection can be controlled by adjusting the polari-

zation direction of the incident light with respect to the

transition dipole moment of the dye molecule, as can be

seen from Eqs. 14–16.

Finally, May et al. have theoretically shown that the

injection pathways can be discriminated by the time-

independent linear absorption spectra [42]. Our method can

be regarded as an alternative way for the discrimination in

such a way as that Raman and IR spectra are comple-

mentary to each other for the identification of substances.
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